International Journal of Innovative Technology and Exploring Engineering (IJITEE)

ISSN: 2278-3075, Volume-8, Issue-7, May 2019

Boxdot and Star Products on Interval - VValued
Intuitionistic Fuzzy Graphs
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Abstract: In this paper, Boxdot product and Star product on
interval-valued intuitionistic fuzzy graphs has been introduced
and degree of vertices of these new product graphs are
determined. Some results involving these products are stated and
proved.
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I. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh[7] in
1965 for defining uncertainty. In 1975, Zadeh[8] introduced
the notion of interval-valued fuzzy sets as an extension of
fuzzy sets, in which the values of the membership degrees
are intervals of numbers instead of the numbers. In 1986,
Atanassov introduced Intuitionistic Fuzzy Sets [4] which
provides the opportunity to model the problem precisely
based on the existing information and observations. After
three years Atanassov and Gargov[5] proposed Interval-
Valued Intuitionistic Fuzzy set (IVIFS) which is helpful to
model the problem more accurately. The fuzzy graph theory
was first introduced by Rosenfeld [10] in 1975. Yeh and
Bang [12] also introduced fuzzy graphs independently.
Fuzzy graphs are useful to represent relationships which
deal with uncertainty. It has numerous applications to
problems in various fields. Interval-Valued Fuzzy Graphs
(IVFG) are defined by Akram and Dudek[2] in 2011.
Atanassov[6] introduced the concept of intuitionistic fuzzy
relations and Intuitionistic  Fuzzy Graph (IFG).
ShovanDogra [11] introduced different types of products of
fuzzy graphs. S.N.Mishra and A.Pal[9] introduced the
product of interval valued intuitionistic fuzzy graph. Akram
and BijanDavvaz[1] introduced Strong Intuitionistic Fuzzy
Graphs (SIFG). The notions of Strong Interval-Valued
Intuitionistic Fuzzy Graphs (SIVIFG) are introduced by
A.MohamedIsmayil andA.Mohamed Ali [3]. This paper has
been organized as follows. Preliminaries required for this
study are given in section 2. In section 3 and 4, Boxdot and
Star product on interval-valued intuitionistic fuzzy graphs
has been defined and some of its properties are discussed.
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Il. PRELIMINARIES

Definition 2.1[10]A fuzzy graphGis a pair of functions
G = (o, where ¢ is a fuzzy subset of a non-empty set V
and p is a symmetric fuzzy relation ong. The underlying
crisp graph ofG = (o, is denoted
byG* = (V, E)whereE €V x V.

Let D[0,1] be the set of all closed subintervals of the
interval [0,1]. If M € D[0,1]then it can be represented
asM = [M,,M], where M, and M are the lower and upper
limits of M.

Definition  2.2[6]Anintuitionistic  fuzzy graph with
underlying set IV is defined to be a pair G = (o, 1) where

1. the functions M,:V - D[0,1] and NV -

D[0,1]denote the degree of membership and non

membership of the element x € V, respectively, such that

0<M;(x)+ Ny(x) < 1forallx € V.

2. the functions M,:E €V xV - D[0,1] and

N,:E €V xV - D[0,1]are defined by

M, ((x,y)) < min(My(x), M, (y))and

N,((x,y) = max(N(,(x), Ng(y))such that
0<M,((x,y)) +N,((x,¥)) < 1,V(x,y)€E.

Definition 2.3 [1]An intuitionistic fuzzy graph G = (o, u) is

called strong intuitionistic fuzzy graph if M,((x,y)) =

min(Ma(x)' Mo‘(y))and Ny((x! Y)) = max(No' (x), No'(.V))a

V(x,y)€E.

Definition 2.4[2]An interval - valued intuitionistic fuzzy
graph with underlying set V is defined to be a pair G =
(o, 1) where,

1. the  functions M,:V - D[0,1]and N,V -
D[0,1]denote the degree of membership and non
membership of the elementx € V,respectively, such that
0<My(x)+N,(x) <1,Vx€eV.
2. thefunctions M,:E €V xV - D[0,1] and N,:E €
V xV — DJ[0,1] are defined by
M/.LL((x' y)) < min(MaL(x)z MGL(Y))
NuL((x' y)) = max(NaL(x)z NGL(Y))
M/.LU((x' }’)) = min(MaU(x); MUU(y))ande.U((x' Y)) 2
max(N,y (x), Nyy(y)) such that

0< M#U((x, y)) + Nuu((x, y)) <1, V(x,y)eE.
Definition 2.5[3]An interval valued intuitionistic fuzzy

graphG = (o,u) is called strong interval valued
intuitionistic fuzzy graph if
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M, () = min(M,,(x), My, (3)
N (6, ) = max(Nyy (), Nop ()
Muu((xJ’)) = min(Myy (x), My (¥))
Nuu((xJ’)) =max(Nyy (x), Noy (),  V(x,¥)€E

Definition 2.6[9]LetG =(o,u) be an interval valued
intuitionistic fuzzy graph. For any vertex x € V, degree of
the vertex x is defined as an ordered pair
(d5 (x), dZ (x) )where

dE(x) = MuL((x'y)) - Z NyL((x' J’))
YEV:xy€EE YEV:XYEE
and
d;(x) = Z M#U((XJ)) - Z N,uU((x' y))
YEV:xy€EE YEV:XyEE

Definition 2.7Let oy = ([M,,,, My, y], [Ny, Noy,y])and
0, = ([My,1, Mgy, [Ny, Nyu])be  interval  valued
intuitionistic fuzzy subsets of V;(G;) and V,(G,)
respectively. Thena; < o,if and only if

My, (x) < Mg, (¥), Mg, y(x) £ Mg,y ()
andN, ; (x) = Ny, (¥), No,y(x) = N,y (),
Vx € V,andvy €V,

111. BOXDOT PRODUCT ON INTERVAL-VALUED
INTUITIONISTIC FUZZY GRAPHS

Definition 3.1 Leto;and o,be interval-valued intuitionistic
fuzzy subsets of Viand V, respectively. Let p,and p,be
interval-valued intuitionistic fuzzy subsets of E; and E,
respectively. Then Boxdot productG, [[] G, of the two
strong interval -valued intuitionistic fuzzy graphs G; =
(04, u1) and G,=(o,, p,)is defined as a pair (o, [ 05, py [
w2where gl jo2=Moll[-IMo2L, MalU[[IMo2l,
Noll[[INo2l, NolU[-INo2land ul1[-ju2=MulL[-]1Mu2L,
MulU[IMp2l, — Null[JNw2l,  NulU[[Nwu20  are
interval-valued intuitionistic fuzzy setson V =V, [[1V, and
E=E [E ={(x) 1Y) 61 = ¥1, %), €
£2 or x1y1€£1&x2y2¢£2 respectively, which satisfy the
following
properties

(MalL L] MU'ZL)('X! y)= min{MulL (x0), MO'ZL (y)} \
(Mg,u B Mq,y)(x,¥) = min{Myg, y (x), Mg,y ()} |

(NalL Cl NUZL)(x:y) = max{NulL(x): NJZL(y)} |

(Nalu El Nuzu)(XJ’) = max{Nulu(x): NO'ZU(y)})

Vx,y)eV, [V,
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(MulL . MuZL) ((x1rx2)(3’1v3’2))
= min{MalL(x1)rMa2L(x2)rMazL(YZ)}
(MHIU . MHZU) ((x1rx2)0’1v3’2))
= min{Mo'lU(xl)rMGZU(xZ)rMUZU(yZ)}
(NHIL . NHZL) ((x1rx2)0’1v3’2))
= max{NalL (x1), NazL(xz)» NazL(YZ)}
(N,ulU ] N,uZU) ((x1»x2)(3’1r3’2))
= max{NUlU(xl), Nazu(xz)»Nazu(YZ)}

ifx; =y, €V, x5, € E

(M ML) (G x) (1, 72)) =
min My, 1 (61, 71), Mo, (2), Mgy, (32)
(M0 T My 0) (e 22) 01, 2)) =
min{ My y (1, Y2), Mo,y (2), Mo (72)}
(Nuo TN ) (G 2) (v1,92)) =
max (N, (e, 31), Nyt (2), Noyi. (7))
(Mo BT N ) (G x2) 0 v2)) =
max {Ny, y ey, 1), N, (2, Noyos (02)

ifx,y; € E1&x5y, € E,

Proposition 3.11f G, and G, are strong interval-valued
intuitionistic fuzzy graphs, then the Boxdot Product of G,
and G,, G, [[1G, is also a strong interval -valued
intuitionistic fuzzy graphs.

Proof :Let G, and G, are strong interval-valued intuitionistic
fuzzy graphs.

HenceV x;,y; € E;,i=1,2
My (G y)) = min (Mo, (),
Mo () ) My (i )
=min (Mpu(c),  Mau()
NuiL((xi:yi)) = max(NaiL(xi): Na,-L(yL‘))
Ny ((xpy) = max(Na'iU(xi): Na'iU(yi))
Here

_ (O x) (1, ¥2) X1 = Y1, %5y, € Ez}
E=EUE = { orx,¥1 € Ey, x5, € E;

Let (xy,x)(y1,¥2) EE

Case l: x; = y,,%,Y, € E,
Consider (M,HL O M#zL) (1, %) 01,32))
= min{MolL (x1), Mg, (x2), MO'ZL(yZ)}

= min{MolL (x1), M;. o), Ms,. (x2), Ms,. (}’2)}
and

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication



International Journal of Innovative Technology and Exploring Engineering (IJITEE)

min{(My,, 1M, ) (e1,22), (Mo, I M,,,,) (v, 7,))
. {min{MalL(xl). M@L(xa}.}
min{MalL(yl)'MazL (3’2)}

= min{MalL(xl)r MO'IL(y1> , MO'ZL(xZ)J Ma'zL(yz)}
i.e.,

(MulL ] MuzL) ((xpxz)()’p)’z))
= min{(MalL IZI MO’zL) (xlixZ)' (MU1L D MUZL) (yl'yZ)}

Similarly, it can be proved that

(Mulu ] Muzu) ((xpxz)()’h}’z))
= min {(Mglu B Mazu) (x1,%2), (McrlU o McrzU) (3’1'3’2)}

(N TN ) (Gea 22 (01, 92))
= max{(NglL B NUZL) (x1,%2), (NUlL B NUZL) (yl,yz)}

(Mo T N ) (G x) 0 92))

= max {(Nglu O NJZU) (x1,%2), (NcrlU B Nazu) (yl,yz)}
Hence in this case G, [:]1G,is a strong interval-valued
intuitionistic fuzzy graph.

Case ll:x,y, € E,&x,y, € E,

Consider(M, , [1 M, ) Gy, %2)(71,72))
= min (M., (x1,9,), Moy (22), Mo, (7))
_ , min{MalL (x1), MU1L(y1)}’}
mln{ MO'zL(xZ)!MUzL(yZ)

= min{MalL (xl)'MalL 1) Mg,1 (x2), M1 (YZ)}
and

min {(Mo'lL ] MUZL) (x1,x2), (MalL L] MUzL) (3’1'3’2)}
o {min{MUlL(xl), Mo'zL(xZ)}:}
=mi )
TrLlTl{Mo-lL(y1):Mo'2L(y2)}

= min{MUlL (x1), M; 1), M;,1 (x2), M;,1 (YZ)}
i.e.,

(MulL ] MuzL) ((xpxz)()’p)’z))

= min{(Me,, 01 M,,,) (1, 22), (Mo I M, ) (v,,7,))
Similarly, it can be proved that

(M0 D My0) (G x2) 30, 72))
= min {(Malu o Mgzu) (x4, %2), (MalU o Mazu) (y1'yZ)}
(Mo TN ) (Gea x2) (01, 32))
= max {(NalL o ND'ZL) (x1,%2), (NalL o NJZL) (y1'yZ)}
(Mo T Ny ) (G x2) 30, 72))
= max {(Nalu o Ngzu) (x4, %2), (NalU o Nazu) (y1'yZ)}

Hencein this case alsoG; [-] G,is a strong interval-valued
intuitionistic fuzzy graph.
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Proposition 3.2 IfG, [1G, is a strong interval-valued
intuitionistic fuzzy graph then atleastG, or G, must be
strong.

Proof :Suppose that G,and G,are not strong interval-valued
intuitionistic fuzzy graphs. So there exists x;,y; € E;, i =
1, 2 such that

M, ((x, y:)) < min(MaiL(xi):
Mo, )My (G )
<min(Mpy(c),  Mau()
Ny ((x,70)) > max(Ny,, (), Noyi (7))
Ny (x5 y)) > max (N, (), Noyy (7))
Here

_ _ (x4, %) Y1, ¥2): %1 = Y1, %), & E, }
E=EDE = { orx,y; € E1x,y, € E,

Let (xq,x)(y1,¥2) EE.
If x,y, € E;&x,y, & E;, then
(MulL [ MHZL) (1, x2)1,2))
= min {MﬂlL (X1,y1). Mg, ., (xz):MazL(J/z)}
min{M,,(x1), Ms,1.(y,)},
MazL(xZ)’MazL(yz) }
<min{M, 1 (61), My, (71) , M1, (x2), My, 1, (72) }

< min{

and
min {(MalL D MO'ZL) (xl:xZ): (MalL D MO‘zL) (y1'y2)}
=mi {min{MglL(xl), MgzL(xZ)}l}
min{MglL(yl), MazL(YZ)}

= min{MalL (x1), M., o), Ms,1 (2, Ms,1 (yz)}
ie.,

(MulL L] MuZL) ((xler)(ylryZ))
< min{(MalL [ MJZL) (x1,%2), (MalL [ MGZL) ()’1,)’2)}
Similarly it can be proved that
(Mulu L] Muzu) ((xlrxz)(Y1:YZ))
<min {(MalU [ Mazu) (x1,%2), (MalU [ Mgzu) (3’1'}’2)}
(NulL L] NuzL) ((xlrxz)(Y1:YZ))
> max{(No,, N, ) (e, 22), (Noy EIN,,,, ) (7,7,
(Nulu L] Nuzu) ((xlrxz)(Y1:YZ))
> max {(NalU [ NJzU) (x1,%2), (NolU [ Ngzu) (yyyz)}

i.e., G; [1G,is not a strong interval-valued intuitionistic
fuzzy graph, which is a contradiction.
Hence the proof.

Definition 3.2For any vertex (x;,x,) €V, [V, in G, [
G,, degree of the vertex (x;,x,) is defined as an ordered

pair (d51maz (1, %2), d¢, me, (%1, xz))where
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dGlDGZ (1, x2) = - / Z NalL(xl) + Z NulL(xle1)\
k (71.72)EV, V¢ (V1Y2)EV,[V: )
/ X1=Y1 €EV1, X2V, €E; X1Y1€E1,X2Y,€Ep
and
| z min{Mo-lL (xl): Mo'zL(xz): Ma'zL (yz)} dglmcz (xl'xZ) =

(y1,y2)€V1[Vy:
X1=y1 €V1, X2Y2€E3

Mg y(xq) + M, y(x1,y1)
+ z min{MulL(xp)ﬁ)' MO'ZL(XZ)i MO'ZL(yZ)} k Z Z ’ )

V1Y€V, [V, (Y1Y2)EV[IV,:
X1=Y1 €Vy, X,V,&E. X €E; X ¢E.
G1y2)ev, [Vy: 1=Y1 €V, X2Y2€L; 1Y1€E1,X2Y2 €L,
X1Y1€E1,X2Y2€E> /
- Z Nalu(x1) + Z Nylu(xv}ﬁ)
— Y1,y EV1[V,: 1.y EV1[V,:
| Z max{NUlL (xl)’ NUZL (XZ)' NUZL (yZ)} x1=;1 EZVp leyZéEZ x1y116’251IXZIYZezEz

\ (y1,y2)€V1 [OVy:
X1=Y1 €V1, X2Y2€E; . . L
Proposition 3.4Let o,and a,be interval valued intuitionistic

fuzzy subsets of V; and V, respectively where g, < o, and
u,and p,be interval valued intuitionistic fuzzy subsets of E;
and E, respectively. Let G, = (o,u;) and G,=(o,, u,)be
complete interval valued intuitionistic fuzzy graphs and
G =G, [G,. Then ds,m6, (*1,%2) = Oand

dglmcz (x1,%,) = 0.

+ Z max{NulL(xv)ﬁ)’ NUZL(XZ)' NazL(J’z)}

(v1,y2)€V1 V3¢
X1Y1€E1,X2Y2€E>

and
IV. STAR PRODUCT ON INTERVAL-VALUED
dg me, X1, X2) = INTUITIONISTIC FUZZY GRAPHS
Definition 4.1 Letg;and o,be interval-valued intuitionistic
/ fuzzy subsets of Viand V, respectively. Let u,and u,be

interval-valued intuitionistic fuzzy subsets of E; and E,
respectively. Then Star productG, * G, of the two strong
interval -valued intuitionistic fuzzy graphs G; = (o, 1)
and G,=(o,, u,)is defined as a pair (g, * 0,, p; * 1,)where
+ Z min{Mulu(prﬁ)' Mg,y (), MU'zU(yZ)} 01 %0y = ([MG1L * Mg, Mgy * Mazu]' [NalL * Ny,
(y1y eV IV NolUrNo2tand pul+u2=mMull~Mu2l, MullU*Mu2l,
X1Y1€E1,X2Y2€E; Null~Nu2l, NulUNu20/  are  interval-valued
intuitionistic fuzzy setson V =V, xV, and E = E; *E, =

| Z min{MUIU(xl)' Mg,y (x2), MUZU(yz)}

(y1.y2)EV1 [V2:
X1=Y1 €V1, X2V2€E2

| (G, %) 1, ¥2): %1 = Y1, %2, € E; 0r X1y, €
- max{No,y (1), Noyy (62, Noy (7,)} F1&x2y2€£2 respectively, which satisfy the following
\ (r1.y2)€V1 [IV2: properties
X1=y1 €V1, X2Y2€E>

* Z max{Ny,; (x1, ¥1), Noyy (), Ny (v,) } (Mg, % Mg, ) (e, y) = min{M,,, (), Mg, ()} )

o, (My,y * My, ) (x5, ) = min{M,,_y (x), My y ()} by y)
€E4, E: 1]
=Rt (No'lL * NO'zL)(xl y) = max{NalL(x), NG'ZL(y)} |

(Nalu * N(,ZU)(x, y) = max{NGlU(x), NUZU(y)}J

eV, xV,

Proposition 3.3Let g;and o,be interval valued intuitionistic
fuzzy subsets of V; and V, respectively wheres; < g,and
uand p,be interval valued intuitionistic fuzzy subsets of E;
and E, respectively. Let G, = (g4, 1,) and G,=(o,, u,)and
G = G, [1] G,. Then the following equalities hold.

d51 [6, (x1,%;) =

MolL(xl) + Z My, (x1,¥1)

V1,Y2)EV, [OV;: V1,Y2)EV Ve
X1=Y1 €V, X2, €E, X1Y1€E1,X,Y, €E;
Published By:
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(MylL * MuzL) ((x1:x2)(3’1:3’2))

= min{MolL (x1), Mg, (x2), M, (3’2)}
(Mylu * Muzu) ((x1:x2)(3’1:3’2))

= min{Molu(xﬂ:Mozu(xz):Mozu(h)}
(NylL * NuzL) ((x1:x2)(3’1:3’2))

= max{NolL (x1), Ny, (x2), Ny, (}’2)}
(Nulu * Nuzu) ((xpxz)()’p)’z))

= max{NUlU(xl), Nozu(xz):Nazu()’z)}
ifx; =y, €V, x5y, € E,

My % My 1) (G x2) 0, 92))
= min {MulL O, y1), My 1 (X, yz)}
(Myyo % My ) (G, x2) 01,92))
= min{M, y vy, 1), My u (2, 9)}
(N * N ) (Gea22) (90,72))
= max {NulL (1, ¥1), Ny 1, (22, yz)}
(N, % Ny ) (Gra,22) G0, 72))
= max {Ny, y (o1, 71), Ny (62,72)

ifx,y, € E;&x,y, €EE,

Proposition 4.1If G; and G, are strong interval-valued
intuitionistic fuzzy graphs, then the Stardot Product of G,
and G,, G, * G, is also a strong interval -valued intuitionistic
fuzzy graphs.

Proposition 4.2If G, xG,is a strong interval-valued
intuitionistic fuzzy graph then atleast G, or G, must be
strong.

Definition 4.2 For any vertex (x;,x,) € V; xV, in G, * Gy,
degree of the vertex (x,,x,) is defined as an ordered pair
(d(_;l*(;2 (x1,%2), A, v, (X1, xz))where

dc_;l*az (1, %)

= | Z min{MalL(xl)' MD‘ZL(xZ)' MD‘ZL(yz)}
\ (V1,Y2) EVL*Vy:

X1=Y1 €V1, X2Y2€E2

+ z min{MMIL(x]_;yl)!MMZL(xZJyZ)}

(Y1.Y2)EVy*Va:
X1Y1€E1,X2Y2€E7

- Z max{NJIL(xl)'NJzL(xz): NO'ZL(yz)}
\ (V1.Y2)EVL*Vs:

X1=Y1 €V, X2Y2€E;

+ z max{N”IL(Xl,yl).NuzL(xz'YZ)}

(V1,Y2)EVy *Vy:
X1Y1€E1, X2Y2€E;

and
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dgl*cz (xl' xz)

= | Z min{Mo-lu(xl)pMUZU(XZ)!MO'ZU(YZ)}

(¥1,Y2)EVL *Vy:
X1=Y1 €V1, X2Y2€E3

+ Z min{Mylu(xp}ﬁ)» MyZU(XZ'yZ)}

(y1,Y2)EVL *Vy:
X1Y1€E1,X2Y2€E7

—| Z max{Ng,y (1), Ng,y (), Noy (7,) }

(¥1,Y2)EVy *V3:
X1=Y1 €V1, X2Y2€E>

+ Z max{Nulu(xv%): NyZU(xZ'yZ)}

(V1,Y2)EVL *Vy:
X1Y1€E1,X2Y2€E>

V. CONCLUSION

In this paper, boxdot product and star product on interval
valued intuitionistic fuzzy graphs and some properties of
these products on strong interval valued intuitionistic fuzzy
graphs are discussed. We have determined the degree of
vertices of these product graphs under certain conditions.
Our future plan is to find some other properties of these
product graphs.
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