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Time: Three Hours Maximum: 36 Weightage
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Part A
Answer all questions. Each question carries 1 weightage.

Show that interior of a set is open.

Prove that every neighborhood is convex.

Show that length of the Cantor set is zero.

Is set of irrational numbers connected? Justify your answer.

Is every continuous function is an open mapping? Justify.
Define simple discontinuity with an example.

State intermediate value theorem. Is the converse true?

Discuss the differentiability of the greatest integer function in R.
If f € R(a) and g € R(a) on [a, b], then show that f g € R(a)

. Show that if f;(x) < f,(x)on [a,b], then fab f; da < fab f, da
Ify(t) = e?t where 0 < t < 2m. Show that v is rectifiable.

. If K'is compact, if f, € C(K)forn = 1,2,3 ....,and if {f,} is pointwise bounded and

equicontinuous on K, then show that {f,} contains a uniformly convergent
subsequence.
Prove that every uniformly convergent sequence of bounded functions is uniformly
bounded.
Construct sequences {f,} and {g,} which converge uniformly on some set, but such
that {f,, g} does not converge uniformly on E.

(14 x 1 = 14 Weightage)

Part B
Answer any seven questions. Each question carries 2 weightage.

15. Construct a compact set of real numbers whose limit points form a countable set.

16. Prove or disprove: "A set of finite points has no limit point".
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Let f be monotonic on (a, b). Then show that the set of points of (a, b) at which f is
discontinuous is at most countable.

Show that if f is continuous mapping of a metric space X into a metric space Y and
if E is connected subset of X, then f(E) is connected.

State L’Hospital’s rule. Is the rule true for complex valued functions? Justify.

State and prove Taylor’s theorem.

If y' is continuous on [a, b] then prove that y is rectifiable and A(y) = fably’(t)ldt

If f € Ron [a,b]and if there is a differentiable function F on [a,b] such that, F' = f
then [ f(x)dx = F(b) — F(a)

Construct a real continuous function on the real line which is nowhere differentiable.

Consider f(x) = Yoy ﬁ For what values of x does the series converge

absolutely? On what intervals does it converge uniformly? On what intervals does it
fail to converge uniformly ?
(7 x 2 = 14 Weightage)

Part C
Answer any two questions. Each question carries 4 weightage.

Let P be a nonempty perfect set in R, then show that P is uncountable.
Prove that monotonic functions have no discontinuities of the second kind.
Assume a increases monotonically and a’ € R on [a,b]. Let f be a bounded real
function on [a, b]. Then show that f € R(a)if and only if fa’ € R
State and prove Stone — Weierstrass theorem.
(2 x 4 = 8 Weightage)
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