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Part A

Answer all questions. Each question carries 1 weightage.

. Show that the graph of any function f: R™ — R is a level set for some function F : R"*1 — R.

Let Sbean n —1 -surfacein R” givenby S = f'(c) where f:U — R, (U openin R") is such
that Vf(p)#0 for all pcfl(c). Let g:U; — R, defined by
g(z1,22,. .. . Tni1) = f(21,%2,..,2,) where U; = U x R. Then prove that g '(c) is an n-

surface in R™!,

. Write the statement of Lagrange multiplier theorem.

Show that if o : I — R™"! is a parametrized curve with constant speed, then a(t) 1 a(t) for every
tel

Let S be an n- surface in R""™! and o : I — S be a parametrised curve on S. Then for smooth vector
fields X and Y, prove that (X+Y) =X'+Y’

Compute V, f, where f: R"™! — R, v € Ry, where f(z1,72) = 2212 + 32,7,
v=(1,0,2,1),n = 1.

If B is any reparametrisation of «, then fa w = f 5w

Define a surface of dimension n in R*™* (k> 1).

(8 x 1 =8 Weightage)
Part B

Answer any fwo questions each unit. Each question carries 2 weightage.
UNIT -1

Let U be an open set in R"™ and let f: U — R be smooth. Let p € U be a regular point of f, and
let ¢ = f(p). Then the set of all vectors tangent to ! (c) at p is equal to [V f(p)]*.

Let $ ¢ R™" be a connected n- surface in R™*!. Then prove that there exists exactly two orientations
on S.

Find the integral curve of the vector field X(p) = (p, X(p)) where X(z1,z2) = (—x2, 1) passing
through (2)(1,0) and (i7)(a, b).
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UNIT-1I

Let X and Y be any two smooth vector fields on U and f:U — R be a smooth
function and let pe U, ve Ry™, then prove that (i) V,(X+Y)=V,(X)+V,(Y)
and (ii) V,(f X) = V,(f)X(p) + f(p)V,( X).

Find the global parametrization of the curve (z; — a)? + (x5 — b)? = 2.

Find the length of the connected oriented plane curve f_l(c) oriented by % where f: U — R is
givenby f(z1,z9) = bzy + 1229, U = {(z1,22) : 212 + 222 < 169},c = 0.

UNIT - 111

Let V be a finite dimensional vector space with dot product and let L : V' — V be a self adjoint linear
transformation on V. Then prove that there exists an orthonormal basis for V consisting of eigen vectors
of L.

On each compact oriented n- surface S in R prove that there exists a point p such that the second

fundamental form at p is definite.

If L:R"— R""!(k>1) is a non singular linear map and let w € R"** then show that the map
¥ : R® — R""* defined by (p) = L(p) + w is a parametrised n- surface (n- plane) through w in
Rk,
(6 x 2 =12 Weightage)
Part C

Answer any two questions. Each question carries 5 weightage.

Let X be a smooth vector field on an open set U C R™™!, and let p € U. Then, prove that there exists an
open interval I containing 0 and an integral curve @ : I — U of X such that: (i) a(0) = p, (ii) If
B:1 — U is any other integral curve of X with 3(0) = p, then I C I, and B(t) = a(t) forall t € I.

Let S be an n- surface in R™™, let X be a smooth tangent vector field on S, and let p € S. Then prove
that there exists an open interval I containing 0 and a parametrized curve « : I — S such that:

(i) «(0) = p, (ii) a(t) = X(a(t)), foreveryt e I (iii) If 8: I — § is any other parametrized curve in
S satisfying (i) and (ii), then prove that I C I, and B(t) = a(t) forallt € I.

Let S be an S surface in R""!, let p€ S and v € Sp,. Then prove the existence and uniqueness of the

maximal geodesic in S passing through p with initial velocity v.

State and prove inverse function theorem for n- surfaces. Hence deduce that if S is a compact
connected oriented n- surface in R**! whose Gauss Kronecker curvature is nowhere zero, then the

Gauss map N : S — S™is a diffeomorphism.
(2 x 5 =10 Weightage)
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