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Part A (Short Answer Type) 

Answer all questions. Each question carries 1 weightage. 

1. Define a seminorm and prove that 𝑝(𝑥 + 𝑦) is independent of 𝑦 ∈ 𝐸0, where 𝑝 is a 

seminorm and 𝐸0 is it’s kernel. 

2. If ƶ ∈ I(x, y), prove that ‖𝑥 − 𝑦‖ = ‖𝑥 − ƶ‖ + ‖ƶ − 𝑦‖ 

3. Prove that if 𝑝 ≥ 𝑞 ≥ 1, then 𝑙𝑝 ⊂ 𝑙𝑞 . 

4. Define inner product and find 〈𝑥, 𝑦〉, if 𝑥, 𝑦 ∈ ℂ2; 𝑥 = (1 + 𝑖, 1 − 𝑖), 𝑦 = (2𝑖 − 1, 𝑖). 

5. State and prove the parallelogram law. 

6. Prove that codim ker 𝑓 = 1, where 𝑓 ∈ 𝐸#{0}. 

7. Prove or disprove: “The dual of a normed space is always a Banach space”.  

8. Prove that strong convergence is weaker than norm convergence. 

(8 × 1 = 8 Weightage) 

Part B 

Answer any six questions. Each question carries 2 weightage. 
 

UNIT I 

9. Prove that two cosets of a linear space are either coincide or disjoint sets. Also prove 

that the codimension of 𝑐0 inside the space 𝑐 of convergent sequences is equal to 1. 

10. If 𝑂 is an open set, then prove that the set 𝐹 = 𝑂𝑐is closed. Also prove that if 𝐹 is a 

closed set, then the set 𝑂 = 𝐹𝑐 is open. 

11. Let 𝐸, 𝑋1, 𝑋2 be linear spaces with 𝑋1, 𝑋2 being complete and 𝑇1: 𝐸 → 𝑋1 , 𝑇2: 𝐸 →

𝑋2 are isometries into dense subspaces of 𝑋1, 𝑋2 respectively. Prove that the natural 

isometry 𝑇2 ∘ 𝑇1
−1: 𝑇1𝐸 → 𝑇2𝐸 can be extended to an isometry between 𝑋1 and 𝑋2. 

 

UNIT II 

12. If 𝑀is a convex closed set in the Hilbert space 𝐻, prove that there exists a unique   

𝑦 ∈ 𝑀 such that 𝜌(𝑥, 𝑀) = ‖𝑥 − 𝑦‖. 



13. Explain Hilbert space with an example. And prove that any two separable infinite 

dimensional Hilbert spaces are isometrically equivalent . 

14.  State and prove Bessel’s inequality. Also prove that for any 𝑥 ∈ 𝐻 and any orthonormal 

system{𝑒𝑖}1
∞, there exists a 𝑦 ∈ 𝐻 such that 𝑦 = ∑ 〈𝑥, 𝑒𝑖〉𝑒𝑖

∞
𝑖=1 . 

 

UNIT III 

15. Let 𝐿 ↪ 𝑋 be a subspace of a normed space 𝑋 and 𝑥 ∈ 𝑋 such that 𝑑𝑖𝑠𝑡(𝑥, 𝐿) = 𝑑 > 0, 

then prove that there exists 𝑓 ∈ 𝑋∗ such that ‖𝑓‖ = 1, 𝑓(𝐿) = 0 and 𝑓(𝑥) = 𝑑.  

16. Let 𝑋 be normed space and 𝑌 be a complete normed space. Then prove that  𝐿(𝑋 ↦ 𝑌) 

is a Banach space. 

17. Prove that A ∶ X ↦ Y is compact implies A∗ ∶ Y∗ ↦ X∗ is compact.  

(6 × 2 = 12 Weightage) 

Part C 

Answer any two questions. Each question carries 5 weightage. 

18. Prove that 𝑙𝑝 1 ≤ 𝑝 ≤ ∞ is a complete normed space. 

19. State and prove H𝑜̈lder’s inequality and Minkowski’s inequality for the scalar 

sequences. 

20. (a) State and prove Riesz representation theorem. 

(b) For a normed space 𝑋 and 𝑥1, 𝑥2 be two elements in 𝑋 such that 𝑥1 ≠ 𝑥2, prove 

that there exists 𝑓 ∈ 𝑋∗ satisfying 𝑓(𝑥1) ≠ 𝑓(𝑥2). 

21. (a) Prove that 𝑀 is relatively compact if and only if for every 𝜖 > 0 there exists a   

      finite 𝜖 −net in 𝑀. 

(b) Prove that 𝑀 = {𝑥(𝑡) ∈ 𝐶[𝑎, 𝑏]: |𝑥(𝑡)| < 𝐶1 𝑎𝑛𝑑 |𝑥′(𝑡)| < 𝐶2} is relatively 

compact, where 𝐶1, 𝐶2 are positive constants. 

(2 × 5 = 10 Weightage) 
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