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Part A 

Answer all questions. Each question carries 1 weightage. 

1. Find a power series solution of the equation 𝑦′ = 𝑦. 

2. Verify that  𝑝𝑛(−1) = (−1)𝑛, where 𝑝𝑛(𝑥) is the 𝑛𝑡ℎdegree Legendre polynomial. 

3. If 𝑦(𝑥) be a nontrivial solution of equation 𝑦′′ + 𝑞(𝑥)𝑦 = 0 on a closed interval 

[𝑎, 𝑏]. Then 𝑦(𝑥) has atmost a finite number of zeros in this interval. 

4. Describe the phase portrait of the system: 
𝑑𝑥

𝑑𝑡
= 1,

𝑑𝑦

𝑑𝑡
= 2.  

5. Show that {
𝑥 = 𝑒4𝑡

𝑦 = 𝑒4𝑡} and {
𝑥 = 𝑒−2𝑡

𝑦 =  −𝑒−2𝑡 } are solutions of the homogeneous system 

{

𝑑𝑥

𝑑𝑡
= 𝑥 + 3𝑦

𝑑𝑦

𝑑𝑡
= 3𝑥 + 𝑦

} 

6. Using Picard’s method, find the solution of  𝑦′ = 𝑦 with the initial condition 𝑦(0) = 1. 

7. Prove that  
𝑑

𝑑𝑥
[𝑥𝑝𝐽𝑝(𝑥)] = 𝑥𝑝 𝐽𝑝−1(𝑥). 

8. Determine whether the function 2𝑥2 − 3𝑥𝑦 + 3𝑦2 is positive definite, negative 

definite or neither. 

(8 x 1 = 8 Weightage) 

Part B 

Answer any six questions. Each question carries 2 weightage. 

 

Unit I 

9. Derive the orthogonality property of the Legendre Polynomial. 

10. Find the general solution of 𝑦′′ + 𝑥𝑦′ + 𝑦 = 0. 

11. Find two independent Frobenius series solutions of the equation 

2𝑥𝑦′′ + (3 − 𝑥)𝑦′ − 𝑦 = 0. 



Unit II 

12. If 𝑊(𝑡) is the Wronskian of the two solutions of the homogeneous linear system  

{
 
𝑑𝑥

𝑑𝑡
 = 𝑎1(𝑡)𝑥 + 𝑏1(𝑡)𝑦 

𝑑𝑦

𝑑𝑡
= 𝑎2(𝑡)𝑥 + 𝑏2(𝑡)𝑦

} , then 𝑊(𝑡) is either identically zero or nowhere zero 

on [𝑎, 𝑏]. 

13. State Bessel Expansion theorem and compute the Bessel series of the function 

𝑓(𝑥) = 1 for the interval 0 ≤ 𝑥 ≤ 1 in terms of the function  𝐽0(𝜆𝑛𝑥), where 𝜆𝑛’s 

are the positive zeros of 𝐽0(𝑥). 

14. Find the critical points, differential equation of the path, general solution and 

sketch the path of the system  
𝑑𝑥

𝑑𝑡
= 𝑥; 

𝑑𝑦

𝑑𝑡
=  −𝑥 + 2𝑦. 

 

Unit III 

15. State and Prove Sturm comparison theorem. 

16. Formulate the problem of finding the curve of quickest descent. 

17. Find the exact solution of the initial value problem 𝑦′ = 2𝑥(1 + 𝑦), 𝑦(0) = 0. 

Starting with 𝑦0(𝑥) = 0, calculate 𝑦1(𝑥), 𝑦2(𝑥), 𝑦3(𝑥), 𝑦4(𝑥) using Picard’s 

method and compare these results with the exact solution. 

(6 x 2 = 12 Weightage) 

Part C 

Answer any two questions. Each question carries 5 weightage. 

18. Derive the Rodrigue’s formula for Legendre polynomials   𝑃𝑛(𝑥) =  
1

2𝑛𝑛!

𝑑𝑛

𝑑𝑥𝑛
(𝑥2 − 1)𝑛. 

19. If there exists a Liapunov fuction 𝐸(𝑥, 𝑦) for the autonomous system, then the 

critical point (0,0) is stable. Furthermore, if this function has the additional 

property that the function 
𝜕𝐸

𝜕𝑥
𝐹 +  

𝜕𝐸

𝜕𝑦
𝐺 is negative definite, then the critical point 

(0,0) is asymptotically stable. 

20. State and Prove Picard’s theorem. 

21. Determine the general solution of Gauss Hypergeometric equation near 𝑥 = 0. 

(2 x 5 = 10 Weightage) 

******* 


