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PART A 

Answer all questions. Each question carries 1 weightage. 

1. Show that if 𝐴 = 𝐿(ℝ𝑛 , ℝ𝑚), then 𝐴 is a uniformly continuous mapping of ℝ𝑛 into ℝ𝑚. 

2. Show that if 𝐼 is the identity operator on ℝ𝑛 then det(𝐼) = 1. 

3. Show that any reparametrization of a regular curve is regular. 

4. Show that if 𝑓: ℝ2 → ℝ is a smooth function then its graph {(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ 𝑧 = 𝑓(𝑥, 𝑦)} is 

a smooth surface with atlas consisting of the single surface patch 𝜎(𝑢, 𝑣) = (𝑢, 𝑣, 𝑓(𝑢, 𝑣)). 

5. Let 𝑓: 𝑆1 → 𝑆2 be a diffeomorphism. If  𝜎1 is an allowable surface patch on 𝑆1, then 

show that 𝑓 ∘ 𝜎1 is an allowable surface patch on 𝑆2. 

6. Calculate the first fundamental form of  𝜎(𝑢, 𝑣) = (𝑢 − 𝑣, 𝑢 + 𝑣, 𝑢2 + 𝑣2). 

7. Show that  ∥ 𝜎𝑢 × 𝜎𝑣 ∥= (𝐸𝐺 − 𝐹2)
1

2. 

8. Let 𝜅, 𝜅𝑛  and  𝜅𝑔 be the curvature, normal curvature and geodesic curvature, 

respectively, of a unit-speed curve 𝛾 on an oriented surface 𝑆. Show that 𝜅2 =  𝜅𝑛
2 +  𝜅𝑔

2. 

(𝟖 × 𝟏 = 𝟖 Weightage) 

PART B 

Two questions should be answered from each unit. Each question carries 2 weightage. 
 

UNIT I 

9. Show that a linear operator 𝐴 on a finite-dimensional vector space 𝑋 is one-to-one if 

and only if it is onto. 

10. Show that the set of all invertible linear operators on ℝ𝑛 is an open subset of 𝐿(ℝ𝑛). 

11. State and prove the contraction principle. 

 

UNIT II 

12. Show that any regular curve has a unit-speed reparametrization. 

13. Find the curvature of the curve 𝛾(𝑡) =  (
4

5
cos 𝑡 , 1 − sin 𝑡 , −

3

5
 cos 𝑡) 



14. Show that the total signed curvature of a closed plane curve is an integer multiple of 2𝜋. 

 

UNIT III 

15. Show that the transition maps of a smooth surface are smooth. 

16. Compute the second fundamental form of  𝜎(𝑢, 𝑣) = (cos  𝑢, sin  𝑢, 𝑣).  

17. Show that the Gaussian curvature of a ruled surface is negative or zero. 

(𝟔 × 𝟐 = 𝟏𝟐 Weightage) 

PART C 

Answer any two questions. Each question carries 5 weightage. 

18. Suppose 𝑓 maps an open set 𝐸 ⊂ ℝ𝑛 into ℝ𝑚. Show that 𝑓 ∈ 𝒞 ′(𝐸) if and only if the 

partial derivatives 𝐷𝑗𝑓𝑖  exists and are continuous on 𝐸 for 1 ≤ 𝑖 ≤ 𝑚. 1 ≤ 𝑗 ≤ 𝑛. 

19. State and prove the inverse function theorem. 

20. Let 𝛾: (𝛼, 𝛽) → ℝ2 be a unit-speed curve, let 𝑠0 ∈ (𝛼, 𝛽) and let 𝜑0 be such that 

𝛾̇(𝑠0) = (cos  𝜑0, sin  𝜑0). Show that there is a unique smooth function 𝜑: (𝛼, 𝛽) → ℝ 

such that 𝜑(𝑠0) = 𝜑0 and  𝛾̇(𝑠) = (cos  𝜑(𝑠), sin  𝜑(𝑠)) for all 𝑠 ∈ (𝛼, 𝛽). 

21. i)   If 𝑝 ∈ 𝑆 is an umbilic, then show that every tangent vector of 𝑆 at 𝑝 is a principal 

     vector.  

ii) Let 𝑆 be a (connected) surface of which every point is an umbilic. Show that  𝑆 is  

     an open subset of a plane or a sphere. 

(𝟐 × 𝟓 = 𝟏𝟎 Weightage) 
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