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Part A

Answer any all questions from each unit. Each question carries 1 weightage.

. Define ideal and quotient ring.

Prove that every non-units of A is contained in a maximal ideal.

Define annihilator of an A-module M and faithful module.

Let g be a p-primary ideal of Ring A and z € A. If z ¢ p, then prove that (¢ : z) = q.
Define primary decomposition and minimal primary decomposition.

Prove that Z (the set of integers) is integrally closed in @) (the set of rational numbers).

If A is Noetherian and ¢ : A — B is a onto homomorphism, then prove that B is Noetherian.

Prove that if A is an Artin ring, then its nilradical is equal to the Jacobson radical.
(8 x 1 =8 Weightage)
Part B

Answer any fwo questions each unit. Each question carries 2 weightage.
UNIT - I

Let f : A — B be a ring homomorphism and C'is the set of all contracted ideals in A. Then prove that
C={a:a*=a}l.

Prove that there is a natural isomorphism HOM (A, M) = M, for any A-module M.

Suppose N is finitely generated as a B-module and that B is finitely generated as an A-module. Then

prove that NV is finitely generated as a A-module.
UNIT - 11

Let g : A — B be a ring homomorphism such that g(s) is a unit in B, for all s € S. Then prove that
there exists a unique ring homomorphism b : $ A — B suchthat g = ho f, where f: A — S 1A
defined by f(z) = z/1.

Prove that the S~! A-modules S~! (M /N) and S~ M /S~ N are isomorphic.



14.

15.

16.

17.

18.

19.

20.

21.

Let M be an A-module. If M,, = S~'M = 0, for all maximal ideal m of A, then prove that M = 0
(Here S = A — m).

UNIT - 111

State and prove going-up theorem.

! a ’8 " . .
Let0 = M — M — M — 0 be an exact sequence of A-modules. Then prove that M is Noetherian
if and only if M ', M" are Noetherian.

Let A be Noetherian ring and M be a finitely generated A-module. Then prove that M is Noetherian.
(6 x 2 =12 Weightage)

Part C

Answer any fwo questions. Each question carries 5 weightage.

(1) Prove that the nilradical of A is the intersection of all prime ideals of A.

(i1) Prove that « belongs to Jacobson Radical of A if and only if 1 — zy is a unit in A for all y € A.

Let M' i M i> M —0bea sequence of A-modules and homomorphisms. Then prove that the
sequence M l i> M 1> M" = 0is exact if and only if for all A-modules N, the sequence
0 - HOM(M',N) - HOM(M,N) —> HOM(M', N) is exact, where
o(f) = fov,ulg) =gou.
(i) Prove that ™! (r(a)) = r (S~!(a)), for any ideal a in A.
(ii) If Mis a finitely generated A-module and S is a multiplicatively closed subset of A, then prove that
S~ (Ann(M)) = Ann (S'M).
(i) Prove that an Artin ring has only a finite number of maximal ideals.
(ii) Prove that a ring A is Artin if and only if A is Noetherian and dimA = 0.
(2 x5 =10 Weightage)
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