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9.

Part A
Answer all questions. Each question carries 1 weightage.

If A and B are two measurable sets, then prove that m(4 UB) + m(ANB) =
m(A4) + m(B).

Let f(x) = {(1) ;C ee% Is f continuous a. e ? Justify.

Let E be a measurable set and {x € E : f(x) =c} is a measurable set for every
extended real number c. Is f a measurable function? Justify.

Let E be a measurable set and f be a non-negative integrable function on E. Prove
that f is finite valued a.e. on E.

Let f be a non-negative bounded measurable function on a set E of finite measure. If
J; f=0,thenprovethat f = 0 a.e.onE.

Let f be an integrable function on a measurable set E. Prove that for every € > 0,
there exists a E, € E such that m(E,) < oo and fE_Eo If] < e.

Let f and g be two real valued functions on (a, b). Show that

D(f)+ D(f) < D(f +9) < D(f +g) < D(f) + D(g) on (a,b).

Let ¢ be a real valued convex function on (a, b). For any s,t € (a,b) with s < t,

prove that £20=2C) < 2O for g 5 < x < t.

(8 x 1 = 8 Weightage)

Part B
Answer any two questions from each unit. Each question carries 2 weightage.

Unit - |

State and prove outer approximation of measurable sets.

10. If f and g are two measurable functions on a measurable set E, then prove that af +

Bg and fg are measurable functions for any a and .
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Let £ be a simple function defined on a measurable set E. Prove that, for any € > 0,
there exist a continuous function g on R and a closed set F such that f = g on F and
m(E—F) < e.

Unit - 11

Let {f,} be an increasing sequence of non-negative measurable functions on E. If
fo = f pointwise a.e. on E, then prove that lim [. f, = [ f. If {f,} is
n—oo

monotonically decreasing, does this result hold? Justify.

Let {f,} and {g,} be two sequences of functions which are uniformly integrable and
tight over a measurable set E. Prove that the sequence {f, + g,} is uniformly
integrable and tight over E.

Let E be a measurable set of finite measure and {f,,} converges to f point wise on E.

Prove that {f,,} converges to f in measure. Is the converse true ? Justify.

Unit - 111
Prove that every Lipschitz function defined on a closed and bounded interval [a, b] is
absolutely continuous. Is the converse true? Justify.
State and prove Jordan’s theorem.
State and prove Holder’s inequality.
(6 x 2 =12 Weightage)

Part B
Answer any two questions. Each question carries 5 weightage.

(a) Prove that outer measure of an interval is its length.
(b) Prove that every interval is measurable.

Let f and g be bounded measurable functions on a set of finite measure E.

(a) Then for any a and g, prove that [ (af +Bg) =a [, f+ B[, g

(b) If f < gonE,thenprovethat [, f <[ g.

State and prove Lebesgue theorem for Riemann integrability.

Let E be a measurable set and 1 < p < oo. Prove that every rapidly Cauchy sequence
in LP(E) converges both with respect to the L (E) norm and pointwise a.e.on E to a

function in LP (E). Hence prove that L? (E) is a Banach space.
(2 x 5 =10 Weightage)
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