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PART A
Answer all questions. Each question carries 1 weightage.

Show that the set of rational numbers has outer measure zero.
If m* (E) = 0, then show that E is measurable.
Show that continuous functions are measurable.
If f is a measurable function and if B is a Borel set, then show that f~%(B) is a
measurable set.
State Fatou’s Lemma.
Show that if f is integrable, then £ is finite valued a.e.
Give an example where D*(f + g) # D*(f) + D*(g).
Show that if f is of bounded variation on [a, b], then f is bounded on [a, b].
Show that the Lebesgue set of an integrable function f contains any point at which f
is continuous.
What do you mean by a complete measure?
Define signed measure.
If v;,v,and pu are measuresand v, L u, v, L u,thenshowthat (v; +v,) L .
Is it true that every continuous function absolutely continuous? Justify.
State Riesz representation theorem for C(1).
(14 x 1 = 14 Weightage)

PART B
Answer any seven questions. Each question carries 2 weightage.

Show that Lebesgue outer measure has the property of countable sub additivity.
Show that every Borel set is measurable.
Prove that the characteristic function y, of the set A is measurable iff A is measurable.

If f isan integrable function and if A and B are disjoint measurable sets, then prove

thathUdex=fAfdx+fodx.
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Show that a function f € BV]a, b], if and only if f is the difference of two finite-
valued monotone increasing functions on [a, b], where a, b are finite.
If f is Lebesgue integrable over (a, b) and if f(ffdt =0, Vx € (a,b), then show
that f = 0 a.e.in (a, b).
Show that if p is not complete, then f is measurable and f = g a.e. do not imply
that g is measurable.
If pisameasure, [ fdu existsand v(E) = [_fdu , then prove that v is absolutely
continuous w.r.t. u.
If f is absolutely continuous on [a, b], where a, b are finite, then show that f €
BV]a, b].
Show that every bounded linear functional F on C(l) can be writtenas F = F* — F~
where F*, F~ are positive linear functionals.

(7 x 2 = 14 Weightage)

PART C
Answer any two questions. Each question carries 4 weightage.

(a). Show that the class M of Lebesgue measurable sets is a ¢ — algebra.
(b). Show that every interval is measurable.
(a). State and prove Lebesgue’s dominated convergence theorem.
(b). If f is integrable, then prove that | f dx| < [ |f] dx.
State and prove Lebesgue’s differentiation theorem.
State and prove Radon - Nikodym Theorem.
(2 x 4 = 8 Weightage)
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