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Part A
Answer all questions. Each question carries 1 weightage.

Let X be a normed space and f:X — K be linear. Prove that f is closed iff f is
continuous.
Prove or disprove: “Comparable norms preserves completeness”.
Let X be a normed space andA € BL(X)beinvertible. Showthat o(4™1) ={k 1k €
o (A)}.
Let X be a Banach space, A € BL(X) and ||AP|| < 1 for some positive integer p. Prove
that zero is not a spectral value of the operator I — A.
Let X and Y be two normed spaces, k € Kand A,B € BL(X,Y). Prove that
(A+B) = A+Band (kA) = kA
Prove or disprove: “Dual of a separable normed space need not be separable”.
Prove that the normed spacel? is reflexive for 1 < p < co.
Let H be a Hilbert space and f,g € H'. Define (f,g) =(T(g),T(f)) where T: H — H
defined by T'(f) = the representer of f in H. Prove that ( , )’ isan inner product on H'
and(f, f)' = lflI>,vf €H"
Let H be a Hilbert space over C and A € BL(H). Prove that there exist unique self adjoint
operators B and C on H suchthat A = B + iC.
Let H be a Hilbert space and A € BL(H). Prove that||A*A|| = ||A]|? = ||4A*|.
Prove or disprove: “Every normal operatoris unitary”.
Prove that the composition of two positive operators need not be positive.
Give an example of a self adjoint operator whose eigen spectrum is empty.
Let H be a self-adjoint compact operator on a non zero Hilbert space and A € BL(H).
Prove that ||A]| or —||A]| is an eigen value of A.
(14 x 1 =14 weightage)
Part B
Answer any seven questions. Each question carries 2 weightage.
Give an example of a closed linear map which is not continuous. Does this contradict the
closed graph theorem?
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LetX =[P, 1 < p < oo and define A(x) = (x(l), %@ ) forx € [P. Find o (A).

Let X be a Banach space. Prove that the set of all invertible operators is open in BL(X)

and the map A — A1 is continuous on this set.

Let X be a normed space and {x;’,x,’, ..., x,,,’} be a linearly independent subset of X'.
Prove that there exist xq, x,, ..., X, € X such that x;'(x;) = &;;,for i,j = 1,2,..,m,
where §;; = {(1) 12 zj

State and prove projection theorem.

Prove that every bounded sequence in a Hilbert space has a weak convergent
subsequence.

Let H be a Hilbert space and A € BL(H). Prove that there exist a unique B € BL(H)

such that (A(x),y) = (x,B(y)),forall x,y € H.

Let X be an inner product space and A,B € BL(X) with A self-adjoint. Prove that
AB = 0iff R(A) L R(B).

Let H be a Hilbert space and A € BL(H). Prove that A = 0 iff (A(x),x) = 0 for all
x €H.

Prove that the set of all compact operators on a Hilbert space H is closed in BL(H).

(7 x 2 =14 weightage)

Part C
Answer any two questions. Each question carries 4 weightage.
State and prove open mapping theorem. Also prove that the completeness property cannot
be dropped from the assumption.
Let X be a normed space and A € BL(X) be of finite rank. Prove that o,.(A) = 0,(A) =
o(4).
State and prove Riesz Representation theorem for continuous linear functionals on a
Hilbert space.
Let H be a Hilbert space over C and A be a continuous linear map on H. Prove that
(i) k € o (Adifandonlyifk € o (4").
(i)  0.(4) =0,(4) andg(A) = g,(A)U{k €C: k €0.(4)}.
(2 x 4 =8 weightage)
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