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PART - A
Answer all questions. Each question carries 1 weightage.

Show that if X is a finite dimensional normed space then its dual has the same

dimension.

Show that the dual of ¢y With norm ||. ||, is linearly isometric to 14

Let X and Y be normed spaces and F € BL(X,Y). Then prove that
Z(F)={xeX:x'(x) =0,V x' € R(F")}

Define Moment sequences. Show that for Z € BV ([0,1]), |u(n)| < V(Z)

Let X be a finite dimensional normed space. Show that x,, % xifand only if x, - x

Using an example show that x;, Y x' need not imply x,, - x" in X
Every bounded sequence in X' need not have a weak * convergent subsequence. Give
an example.

Define a reflexive space. Show that every closed subspace of X is reflexive.

Show that for 1 < p < oo, [P is reflexive.

A strictly convex normed space is uniformly convex. True or False. Justify your
answer.

Show that for A € CL(X), where X is a normed space,o(4") = a(4)

Let X be an inner product space and u; € X' for i=1, 2, ...... If {u;,u, ....}is an

orthonormal set in X, show that 3., | f (u,,) 1% < [If|I?

Let (x,) be a sequence in Hilbert space H. Prove that x,, — x if and only if x,, 5 x
and lim supy, oo [, [| < [lx|]
Let H be a Hilbert space and A € BL(H). Show that there exists a unique
B € BL(H) suchthat Vx,y € H; < A(x),y >=<x,B(y) >
(14 x 1 = 14 Weightage)
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PART-B
Answer any seven questions. Each question carries 2 weightage.

Prove that if X’ is seperable then so is X
Prove: If X be a normed space and A € BL(X), then a(A") c 6(4) and if X is a
Banach space, then 0(4) = g,(A) Ua,(4") = a(4’)
Let Z € BV([a,b]), show that there exists unique y € NBV([a,b]) such that
f: xdz = f: xdy forevery x € C([a,b]) and V(y) < V(2)
Let u(n) be a sequence of scalars. Show that u(n) is a moment sequence, then
}‘=O|an,j| <aVvn=0,12..and @ > 0 where a,, ; = (7) (=D A u(f)

State and prove Schur’s lemma.
Let X be a normed space and {xj, x5, .... x;,} be a linearly independent subset of X’
Then prove that there are x4, x, ..... x,, in X such that x]f (x;) = 6y;
Let X be a uniformly convex normed space and (x,,) be a sequence in X such that
llxc, Il = 1 and [|x, + x|l = 2 @ n,m — oo. Then show that lim, ;e llX, — x|l = 0
Let X be a normed space and A € CL(X)
Then show that dim[Z (A" — kI)] = dim[Z(A — kI)] < o for0 # k € K
State and prove Unique Hahn Banach Extension theorem.
Let H be a Hilbert space and A € BL(H). Show that R(A) = H if and only if A" is
bounded below and R(A* ) = H if and only if A is bounded below.

(7 x 2 = 14 Weightage)

PART-C
Answer any two questions. Each question carries 4 weightage.

Let 1 <p < o and %+%= 1. Define f,:LP - K by f,(x) = ff xydm then show

that £, € (LP)" and ||f;|| = llyll,- Also prove that the map F: LY — (LP)’ defined by

F(y) = f,;y € L9 is a linear isometry.

Let X be a normed space. Then X is reflexive if and only if X is a Banach space and

every bounded sequence in X has a weak convergent subsequence.

State and prove Riesz representation theorem.

Show that a subset of a Hilbert space H is weak bounded if and only if it is bounded.
(2 x 4 = 8 Weightage)

*hkkkhkikkk



