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Part A
Answer all questions. Each question carries 1 weightage.

Find the integral curve through the point p = (1, 1) of the vector field X(p) = (p, X(p)),
where X(p) = (0,1) on R?

Show that the graph of any function f: R® — R, is a level set for some function F: R**! - R
Let f: U — R be a smooth function, where U c R™*1 is an open set, and let a: I — U be a
parametrized curve. Show that (f o ) is constant if and only if a(t) L Vf(a(t)) for all
tel

Sketch the cylinder f~1(0) where f(x;, x5,%3) = x; — x,°

Let S be an oriented n-surface in R™*1, with orientation N and let p € S. Show that an
ordered basis for S, is inconsistent with N if and only if it is consistent with —N

vf

., Where
V£l

Describe the spherical image of the 2-surface x3 + x3 = 1 oriented by

f(x1, %2, x3) = x5 + %3
Find the velocity, the acceleration and the speed of the parameterized curve
a(t) = (cost,sint,t)
Define Euclidean parallel and Levi-Civita parallel.
Compute V,f where f: R? — R defined by f(x;, x,) = 2x;° 4+ 3x,%,v=(1, 0, 2, 1)
Let g: I = R be a smooth function and let C denote the graph of g. Show that the curvature

# , for an appropriate choice of orientation.
1+(g (t

Find the length of the parameterized curve a: 1 - R3 where I = [—1,1] and
a(t) = (cos 3t,sin 3t, 4t)
Define normal section of an n-surface.

of C at the point (¢, g(t)) is

Define Weingarten map for parametrized n-surfaces.
State inverse function theorem for n-surfaces.
(14 X 1 = 14 Weightage)
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Part B
Answer any seven questions. Each question carries 2 weightage.
Define level set of a function f: U —» R, U ¢ R™*1. Sketch the level sets f~1(c) forn=0and 1
for the function f (x4, ..., Xp41) = Xpne1; € =-—1, 0, 1, 2
Define a vector field on R™**1. Sketch the vector field X(p) = (p, X(p)) on R? where
X (xq, xz) = (—x1, —x2)
Let S be unit circle x;2 + x,%2 = 1 and define g:R? > R by g(x;, x,) = ax;? + 2bx;x, +

c x,% where a, b, ¢ € R. Show that the extreme point of g on S are the eigenvector of a matrix

5 o]

Show that the two orientation on the n-sphere x;2 + x,% + ---. +x,,,2 = r? of radius r > 0 are
given by Ny (p) = (p.2) & N, (p) = (p, )
Prove that in an n-plane, parallel transport is path independent.
Show that the Weingarten map L,, is self adjoint.
Prove that for each 1-form w on open set U in R™*1, there exist unique functions f;: U — R,
i=1,2,..,n+1, such that w = Y™ f; — dx;. Show further that w is smooth if and only if
each f; is smooth.
Let S be an oriented n-surface in R™** and let v be a unit vector in S,,,p € S. Prove that there
exists an open set V ¢ R™*! containing p such that S N V' (v) NV is a plane curve. Also prove
that the curvature at p of this curve (suitably oriented) equals the normal curvatureK (v)
Let ¢: U - R3 be given by ¢(8,¢) = (rcos8sin¢, rsinfsin¢, rcos ¢p) where
U=1{(6,¢) € R%:0 < ¢ < m}andr > 0.Then show that ¢ is a parametrized 2-surface.
Show for a parameterized n-surface ¢:U — R™*1in R**1 and for p € U, there exists an open
set U; < U about p such that ¢(U;) is an n-surface in R™*?

(7 X2 = 14 Weightage)

Part C
Answer any two questions. Each question carries 4 weightage.

What do you mean by a vector at a point p tangent to a level set in f~1(c¢) of a smooth function
f:U - R, where U is open in R™*1? Show that, for such a function f with a regular point p € U,

the set of all vectors tangent to f~1(¢) at p is equal to [Vf (p)]*

(2)
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26. Let S be an n-surface in R**1, p e Sand v € S,. Then prove there exists an open interval
I containing 0 and a geodesic a: I — S such that:
(i) a(0) =pand a(0) =v
(i) B:[ - S is any other geodesic in S with (0) = p and B(0) = vthen [ I and
a(0) = g(0) forallt € [
27. Let a: I - R3 be a unit speed parametrized curve in R3 such that a(t) x é(t) # 0 for all
t € 1. Let T, N and B denote the vector fields along a defined by T(t) = a(t),

N(E) = d(t)/”d(t)” and B(t) = T(t) x N(t) forall t € I

(i) Show that {T(t), N(t), B(t)} is orthonormal forall t € I
(ii) Show that there exist a smooth function x:1 — R and 7: 1 — S such that T = kN,
N = —xT+ 1B, B = —1N
28. (i) Let S be a compact oriented n-surface in R™*1. Prove that there exists a point p on S
such that the second fundamental form of S at p is definite.
x3

2 2
(ii) Find the Gaussian curvature K: S — R, where S is the ellipsoid Z—; + ’;—; +3 =1,

2

(a,band call # 0)

(2 X4 = 8 Weightage)
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